ECE10) LQG{WQZI, Novam‘?ey,"[ , 20§

Exercise 32: Determine the Laplace transform of the
causal sawtooth waveform shown in Fig. F-3-2 (compare
with Example 1-4).
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3-3.5 ‘Iime Integration

Integration of x(1) in the time domain is equivalent to dividing
X(s) by s in the s-domain:
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]r(:’)dr' -— lxm. (3.25)
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Both limits on the first term on the right-hand side yield zero

values.
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3-3.6 [Initial- and Final-Value Theorems

The relationship between x(4) and X(s) is such that the
initial value x(0") and the final value x(00) of x(f) can be
determined directly from the expression of X(s)—provided
certain conditions arc satisfied (as discussed later in this
subscction).

Consider the derivative property represented by Eq. (3.23) as

d.
Llx'] = % e ™ dr =5 X(s) —x(07). (3.28)
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If we take the limit as s — 00 while recognizing that x(07) is
independent of s, we get
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Theintcgral on the lefi-hand side can be split into
onc over the time segment (0, 0%), for wh
another over the segment (0%, 0). Ths.
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Ass —» 00, the exponential function ¢ causes the integrand
of the last term to vanish, Equating Eqs. (3.29) and (3.30) leads —)((0+') _%
o
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‘which is known as the initial-value there.
A similar treatment in which s is made o approach 0 (instead
of 00} in Eq. (3.29) leads o the final-valiae theorem:

x(00) = lim s X(s).
- @32)
(final-value theorem)

We should note that Eq. (3.32) is useful for determining
£(00). 50 long ax x(0c) exists. Otherwise, application of
Eq. (3.32) may lead 10 an crroncous. result. Consider, for
example, x (1) = cos{axt) u(t), which docs not have a unique
valueast — 0. Yel, application of Eg. (3.32) 10 Eq. (3.9) leads
10.x(00) = 0, which s incorreet.
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3-5: Ap the Fr Di
Property

Given that

X(s) = Lle ™ u)] = e

apply Eq. (3.35) to obtain the Laplace transform of re™* u(1).
Solution:

Llre™ u(l)]:—i X(s) = d[ ! ] !
ds
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33.8 Frequency Integration

Integrating both sides of Eq. (3.33) from s to 00 gives

w ol o
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Since f and &' are independent variables, we can interchange
the order of the intcgration on the right-hand side of Eq. (3.36),
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‘This frequency integration property can be expressed as
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Ei0) -— X(s') ds’. (3.38)

(frequency integration property)

Table 3-1: Prapertics of the Laplace transform for causal functions; ie., «(1) = 0for 1 < 0.

Property x(r) X(s) = £lx(n]
1. Multiplication by constant Kx(t) == KX(s)
2. Linearity Kin + Ky <= K X6+ K2 Xas)
i 1 (s
3. Time scaling “ai), a>0 - -X (;)
4. Time shift X -Tyat—T) == e T*X(s)
5. Frequency shift e x(f) = X(s+a)
,_d
6. Time 15t derivative P=tl e sX@-x0)
a2 5
7. Time 2nd derivative 2L e X3 - ax(0)
—x(07)
f 1
8. Time integral fm’:.n' - = X(8)
s

0

d
9. Frequency derivative Lx(1) - d—xm— X'(s)
N

™

10, Frequency integral ¢ — ngm ds

11, Initinl value x(0h = im_ s X(s)

12. Final value lim x(t) =x(o0) = lims X(s)
[ty o

13, Convolution Xy ex) == Xs) Xa(s)

Exercise 3-7: Obtain the Laplace transform of
(@) xy (1) = 22— ¢ ") u(r) and
(b) x2(1) = e cos(2t + 30°) u().

2s+4
Answer: (a) X;(s) = m 4
0.866s + 1.6

(b) Xa(s) = .(See 5D)

524+ 65+ 13




o (2 +90) = cop ot enprol~ mnt am g0

E}ekﬂj-{- ,_L7 Cs—ta
(s4+3)+ 3%

E”*éue . )

= onll(51) _ 3 x o5

(€+b)"+ 52. (5‘4—5)}—}-5?—
§ 05 4P

=0.58¢ =a‘9
Estomple N
- 244
= % lw:ﬁa? Mz,c 1 (0 ,,JJ,W
) 3= 61846976

- 2t %e)
Yoo 7 )

for xth=u@ x(9= ﬁ T() P)jfc(ﬂ)

- _u/_ .
—39-9/( 0»1 7—[17}'5)

< ___,L
2—(1-’:}10)
-5 )
(0 L ;(14}12 ‘—,lﬁ 'L}E(_a;
Y( _Lsﬂj;;ﬁlbL-} e e rlibics;
")\05(53‘0 ;,M» ¥ 9"‘1‘) _I:!AI- +q[c£}_
€+A»| (;dp 5 5H

(510) (4 1) -y (1))

>G04 Se1 M
g "]' 10 T \ 58 5*'

EME AT 7+

W

241 im0t w@
X@ :(6"!40-']0")
16)-_Zg T

4
o Up(ed
(4 210) (ﬂ—\)) s+

e pat g
Gme)pH) ~ e+31cj (s—ﬂw} f—H

(—E—T—L) )"(7“))5: I

A= W)—Xfﬁ-}))#?w f«jlﬂ(ﬁH}lf‘jlo

e

gt ) j
J} a4 Je o)

4‘H ({ +|o P 74+
ey L I 1 (-
52 +10" 541 7t

ol
sm 10t “‘J—'"év.ﬂflo

AT J_Lr_,J_—J {861 w)ﬂ
"Vt@[ 4111(‘\% LF—M \0 )_\_(.UE(,_.\_J_T e‘t

= rlenlf ﬂwlz(ﬁf ey
%5;[49 = _‘J_ 7 (1ot —9429")




¥ 3 —'ﬂ'\”?f’-‘g Aarﬂﬂm
Fr—r—
M) - 12— /éwc i
)+ Vyee gl
R )= ﬁfna){'; | sm 10t

)—}@3510) “)';ID __L_ éL_EE}

. q+!}
“T_T C}(J‘P%)

Y- i)

Il'

Vo=16V

p(07) =04V

o) =Vou() | L

Figure 3-3: RLC circuil. The de source, in combination with
the swilch, constitutes an input excitation vg(f) = Vo u(r).
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(3.46)

Step 2:  Define I(s) as the Laplace transform corresponding
to the unknown current i (f), obtain s-domain equivalents for
cach term in Eq. (3.46), and then apply the lincarity property of
the Laplace transform to transform the entire integrodifferential
equation into the s-domain.

The four terms of Eq. (3.46) have the following Laplace
transform pairs:

Ri(r) == RI(s)
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(time integral property)
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(time derivative property)
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Vo (r) e —
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R1Gs)+ @U"( Db bste) = (an

B switch, Equati o the
rodifferential equation (3.46). W Eq. (346) has
atives and integrals, Eq. (3.47) is a simple algcbraic

» The beauty of the Laplace transform is that it converts
an integrodifferential equation in the time domain info
straightforward algebraic equation in the s-domain. <

Solving for 1(s) and then replacing R, L. €, Vy, and ui®)
with their numerical values leads o
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According Lo entry #6in Table 3-2, we have
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iy =3re™ uin). (3.49)

==C=01F

o)=Vou(r) | 1 v0)=04V

Figure 3-3: RLC circuit. The dc source, in combination with
the :wn(.h constitutes an input excitation vg(f) = V, u(r).
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